We investigate a class of models with a massless fermion and a self-interacting scalar field with the Yukawa interaction between these two fields. The models considered are formulated in two and four spacetime dimensions and possess a discrete symmetry. We calculate the chiral condensates are calculated in the one-loop approximation. We show that the models have a phase transitions as a function of the coupling constants.
Motivation
Dynamical breaking of a symmetry can be described by a quantity known as the order parameter. In the case of a broken chiral symmetry a commonly used order parameter is the chiral condensate which vanishes if the chiral symmetry is unbroken. The investigation of the chiral condensate plays a crucial role in attempts to describe phase transitions related to the dynamical chiral symmetry breaking.
In QCD chiral condensate is obtained by numerical studies, as a rule via lattice simulations. This approach is usually employed in studies of the chiral condensate in the presence of external factors such as temperature, chemical 1 potentials, magnetic field, finite size effects, etc (see [1 -3] and references therein).
Apart from numerical studies there is a lot of models employed for the investigation of the chiral condensate in various physical systems [2] , [3] . In the first paper on this subject [4] Nambu and Jona-Lasinio (NJL) analyzed a specific field model in four dimensions. Later, the chiral condensate was studied by Gross and Neveu (GN) in two-dimensional spacetime in the limit of a large number of fermion flavors N [5] . These two models are similar but in contrast to the NJL model, the GN model is a renormalizable and asymptotically free theory. Due to these properties the GN model is used for qualitative modeling of QCD. The relative simplicity of both models is a consequence of the quartic fermion interaction.
In our previous paper [6] we investigated a system of a self-interacting massive scalar and a massless fermion field with the Yukawa interaction in a (1 + 1)-dimensional spacetime. In the limit of a large mass of the scalar field the model becomes equivalent to the GN model. The chiral condensate was obtained by the functional integration using the method of the saddle point. For technical reasons the contribution of the scalar field fluctuations was not taken into account. This can be done if the coupling constant of the self-interacting scalar field is much less than the Yukawa coupling constant.
Continuing our investigation of this model, we present in this paper a study of how the chiral condensate is affected by the quantum fluctuations of the scalar fields. The consideration of the quantum fluctuations allows one to find a phase transition in this model in a (1 + 1)-dimensional spacetime. Apart from that, we also investigate the chiral condensate in a (3 + 1)-dimensional spacetime. In the limit of the massless scalar field in (3 + 1) dimensions, the chiral condensate is obtained in analytic form. We also find a phase transition in this setting. All results are obtained in the one-loop approximation framework.
Chiral condensate in a (1 + 1)-dimensional spacetime
We consider a model with the Lagrangian density given by
where φ(x) is a real scalar field, ψ a is a massless fermion field and the index a runs from 1 to N. The potential of the scalar field
includes the mass term and the self-interaction V (φ 2 ) of the scalar field. The potential U bf is the Yukawa interaction.
where g is a coupling constant. The Lagrangian (1) is invariant under the discrete transformation
The symmetry (3) is broken by the chiral condensate. In this paper we extend the calculation of the chiral condensate in this model performed in ref. [6] to include the quantum fluctuations of the scalar field. We formally define the chiral condensate using the functional integral
where Z is a normalization constant. Eq. (4) can be rewritten as
To integrate over the scalar field one decomposes φ = φ 0 + ϕ, where φ 0 satisfies the classical equation of motion while ϕ describes small fluctuations around the classical background. In order to study the properties of the chiral condensate we choose a specific potential of the scalar field as
where λ is a coupling constant. Then we take into account the quadratic terms of the scalar fluctuation ϕ and integrate over them, getting
where
). Integrating over the fermionic field, we obtain
where Λ 2 f is a fermionic ultraviolet cutoff, φ m is a ground state value of the bosonic field which is determined by the equations
, whereas g and λ are dimensional coupling constants.
It is convenient to introduce dimensionless constants
where Λ 2 b is a bosonic ultraviolet cutoff. Then Eq. (7) may be written as
and the saddle point φ m is given by the solution of the equation
where all the quantities are dimensionless. The third term in this equation describes the contribution of the scalar field fluctuations. Generally speaking, Eq. (9) is resolved numerically, however, some special cases lead to simplifications that allow one to solve it analytically. An analytic solution can be easily compared with the results of our previous work [6] , where the quantum fluctuations of the scalar field were not accounted for. We consider two such possibilities. i) when λ 0 = 0, then 
Using (10) and (8), we obtain
If 4Ng 2 0 ≫ λ 0 , then the value of the chiral condensate given by Eq. (11) equals that of Eq. (13) in ref. [6] .
The value of µ 2 is renormalization invariant. Indeed, the β-functions in the one-loop approximation are It is worth to note that in a (1 + 1)-dimensional spacetime there is only one Z-factor that appears in the renormalization of the scalar field mass, therefore g Using Eq. (13) µ 2 is rewritten as
One can see that µ 2 and the β-functions tend to zero in the limit λ 0 → 4Ng 2 0 . On the other hand, if the β-function equals to zero then in the model there is a phase transition as shown in ref. [7] . Therefore one can conclude that tends to 1, then R is presented in different scales in Fig. 1 (a,b) 
Conclusions
In this paper we studied the dynamical symmetry breaking in models consisting of a fermion field and a self-interacting scalar field with the Yukawa interaction between the two fields in the one-loop approximation. We believe that the dynamical symmetry breaking as exhibited by these models can help to analyze similar phenomena in more realistic models. The models are considered in two and four spacetime dimensions. We showed that each models has two phases, one with the preserved symmetry and the other with the broken symmetry. We conclude that both models have a phase transitions as a function of the coupling constants. In four spacetime dimensions, we obtain an analytic expression for the chiral condensate in the limit of a massless scalar field. The two-dimensional case was investigated numerically by solving of the algebraic equation for the scalar field.
